Abstract-This paper proposes decentralized repetitive control (RC) design for multiple inputs multiple outputs (MIMO) system. The design comprises in both continuous and discrete-time domain. A decentralized stabilizing controller is firstly developed in continuous-time to achieve a desired complimentary sensitivity function. Relative Gain Array (RGA) analysis is used to obtain the best pairings of inputs and outputs. Then, robustness analysis is conducted to determine the impact of neglected couplings. Secondly, the RC is designed in discrete-time based on the information of complimentary sensitivity function. A set of low order, stable and causal repetitive control compensators are developed using a new frequency domain method. The proposed RC compensator works for both minimum and non-minimum phase system. Simulation results for linear MIMO model of pick and place robot arm are presented to validate the effectiveness of the design.
INTRODUCTION
Tracking periodic commands are common tasks found in many control systems such as disk drive, optical disc player, pick-and-place robot. Repetitive Control (RC) gives superior performance for tracking purpose compared to a nonpredictive control scheme [1] . Repetitive controller requires two main designs; an internal model and a RC compensator design. The internal model refers to the internal model principle originated from [2] , which states that the reference model needs to be attached to the controller in order to achieve zero tracking error. The RC compensator is part of RC used to stabilize closed-loop system. Some RC designs to track/reject repetitive signal have been proposed in [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] . The RC designs in [3] [4] [5] [6] [7] [8] [9] [10] aim to track/reject repetitive signal with fixed period, while the designs in [11] [12] [13] [14] are intended to handle time-varying repetitive signal. The designs in [3] [4] [5] [6] [7] [8] [9] [10] basically formulated a compensator that is used to compensate the dynamic of single input single output (SISO) model, in which the designs end up with either non-causal or unstable compensator. The designs of RC compensator for MIMO system are still few to be found, and some of them were proposed in [15, 16] . Jeong and Fabien [15] proposed the design of Phase Cancellation Inverse Matrix (PCI) which operates by compensating the phase lag in the diagonal elements of the plant model. The idea is initiated from Zero Phase Tracking Error Controller (ZPETC) by [17] targeting to cancel the phase response of the plant. Xu [16] proposed an optimization based compensator to mimics the inverse of the MIMO model. The approaches [15, 16] are based on the full MIMO design which results of a controller with the same dimension to the plant. This implies that if we have a MIMO system ( transfer functions), then we need to design RC compensators. Moreover, the designs also end up with non-causal compensator which needs to be merged with the internal model to make it realizable.
This paper proposes the design of RC compensator for MIMO system based on decentralized control, which means that the MIMO system is considered as a set of SISO systems. The design is motivated by the fact that most of MIMO control problems can be treated on decentralized basis [18] . In addition, the decentralized control is easier as it can apply simpler SISO theories [18] . Another advantage of decentralized RC here is only RC compensators are required.
The design of decentralized RC involves both continuous and discrete-time techniques. Firstly, a decentralized stabilizing controller is designed in continuous time to obtain the desired complementary sensitivity function. Before that, Relative Gain Array (RGA) and Robust analysis are performed to determine whether decentralized control is applicable or not. Secondly, a set of RC compensators are designed in discrete time based on the information of the complimentary sensitivity function. The RC design uses an optimization to obtain a low order, stable and causal compensator. This paper is organized as follows. Section 2 presents the design of decentralized stabilizing controller in continuous time, which also covers the RGA and Robustness analysis. Section 3 covers RC compensator design using optimization. Simulation results are given in Section 4. Section 5 draws the conclusion II.
DECENTRALIZED CONTROL Let a MIMO system is represented by a following transfer function:
The plant model has inputs and outputs, where the relation between inputs and outputs can be formulated as follows: (2) where and are plant outputs and inputs respectively.
Decentralized control aims to approximate the MIMO system into a set of independent SISO systems. This is different with decoupling control which tries to convert the full MIMO model into a perfect set of independent SISO models. The assumption in the design of decentralized control is ignoring dynamics that result in weak interactions. Each of the system outputs is approximated from the input response that gives dominant contribution. Therefore, the degree of interaction is necessary to be quantified in the decentralized control. RGA introduced by [19] is one of the techniques termed as dominant interaction control method that can be used to determine the best input output pairings for multivariable control [20] .
RGA is defined as matrix which is formulated as follows:
where and are system dc gain matrix and its inverse, notation and operate as element wise multiplication and transpose of matrix respectively.
For simplicity, suppose the RGA suggests pairings, where . This means that we only need to consider transfer function in the design. Now, we need to choose complimentary sensitivity function as the desired stabilized closed-loop model of (4) In the decentralized control, robustness analysis is needed to check the impact of the neglected dynamics [18] . To perform robustness analysis, the firstly is represented as the nominal model with additive uncertainty =
where
and is a identity matrix. Then, robustness check is given by stability condition as follows [18] :
Eq. (8) states that the maximum singular values of has to be less than one.
Once 9) where are obtained to satisfy the following equality (10) Transfer function , , and can be expressed in the form of numerator and denumerator as follow: (11) The polynomial and can be obtained by solving the following Diophantine Equation (12) The relative degree of complimentary sensitivity function needs to be chosen carefully so it gives proper stabilizing controller .
III. DISCRETE RC DESIGN FOR SISO
In this section, we introduce a new RC design using optimization in the frequency domain which is also discussed in [11] . The design is based on the information of complimentary sensitivity function . The general structure of SISO RC system is shown in Fig 1   N 
The RC compensator designs mostly aim to mimics the inverse of the SISO plant model, where end up with either non-causal or unstable compensator. Here, we develop a design scheme to obtain a low order, stable and causal compensator.
The is a known stable transfer function, while is a chosen filter to give specific tracking bandwidth. Here, the RC compensator is simply designed to satisfy stability condition (14) (16) is a low pass filter with zero phase for all frequencies. Thus, (16) can be rewritten as: (17) Eq (17) can be further derived to (18) where , and To be stable, the stability condition (14) states that has to be less than one for all frequencies. Here we only consider harmonic frequencies and define the objective function as follows: (19) Then, the following optimization problem is introduced: The first constraint guarantees that all poles of are inside the unit circle with a safe minimum distance to the unit circle. The second constraint guarantees that the closed loop system is stable with a positive margin of . The optimization problem (20) is a nonlinear optimization to find parameters of that satisfy both bound and nonlinear constraints.
IV. SIMULATION RESULTS
Simulation is now performed to validate the effectiveness of the design. A two-input two -output MIMO model of pick and place robot arm [22] is used in the simulation. (21) where , and are given in the bottom of this page. This is a stable and minimum phase MIMO plant as all zeros and poles of are on the left half plane. The RGA of is calculated as follows:
The RGA value shows that the dynamic and give dominant interaction to output and respectively. The RGA suggests that the best pairings are and . Robust analysis needs to be performed to check the impact of the neglected dynamics and . Let the desired complimentary sensitivity function is (23)
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Both and are chosen to have relative degree 3, and to give tracking bandwidth 3.7 rad/s. The uncertainty model is given as follows:
Singular values of is shown in Fig.2 In this simulation, two tracking schemes are presented. The first scheme is the first channel is required to track triangle reference signal, while the second channel needs to stay idle. The second scheme is both channels are required to track triangle reference signals with different amplitudes. The tracking output and tracking error for the first scheme is shown in Fig 3 . The first scheme aims to emphasize the effect of neglected dynamics in this decentralized control. On Channel 1, tracking output is able to follow periodic reference after 4 repetitions. On channel 2, a small excitation due to coupling effect appears.
The tracking output and tracking error for the second scheme is shown in Fig 4 . V. CONCLUSION This paper proposes decentralized RC design for MIMO system. The decentralized stabilizing controller is firstly developed in continuous-time to achieve the desired complimentary sensitivity function. RGA analysis is used to obtain the best pairing of inputs and outputs. Then, robustness analysis is conducted to determine the impact of neglected couplings. Secondly, the RC is designed in discrete-time based on the information of complimentary sensitivity. The RC design uses an optimization to obtain a low order, stable and causal compensator. Simulation results have been presented to validate the effectiveness of the design.
